This paper addresses the enumeration of rooted and unrooted hypermaps of a given genus. For rooted hypermaps the enumeration method consists of considering the more general family of multirooted hypermaps, in which darts other than the root dart are distinguished. We give functional equations for the generating series counting multirooted hypermaps of a given genus by number of darts, vertices, edges, faces and the degrees of the vertices containing the distinguished darts. We solve these equations to get parametric expressions of the generating functions of rooted hypermaps of low genus. We also count unrooted hypermaps of given genus by number of darts, vertices, hyperedges and faces.
Introduction
A (combinatorial) hypermap is a triple (D, R, L) where D is a finite set of darts and R and L are permutations on D such that the group R, L generated by R and L acts transitively on D. A (combinatorial ordinary) map is a hypermap (D, R, L) whose permutation L is a fixed-point-free involution on D. For a hypermap (resp. map) the orbits of R, L and RL (L followed by R) are respectively called vertices, hyperedges (resp. edges) and faces. The degree of a vertex, edge, hyperedge or face is the number of darts it contains. The equivalence of combinatorial maps and topological maps having been established in [13] , we use the word "map" to mean "combinatorial map" throughout this paper. The genus g of a map is given by the Euler-Poincaré formula [7] v − e + f = 2(1-g),
where v is the number of vertices, e is the number of edges and f is the number of faces. The genus of a hypermap with t darts, v vertices, e hyperedges and f faces was defined in [12] by the formula v + e + f = t + 2(1-g).
An isomorphism between two maps or hypermaps (D, R, L) and (D ′ , R ′ , L ′ ) is a bijection from D onto D ′ that takes R into R ′ and L into L ′ ; it corresponds to an orientationpreserving homeomorphism between two topological maps. A sensed hypermap (resp. map) is an isomorphism class of hypermaps (resp. maps). We admit the existence of a unique hypermap (resp. map) with an empty set of darts D, called the empty hypermap (resp. map). For both of these objects v = f = 1 and g = e = 0. A rooted hypermap (resp. map) is either the empty hypermap (resp. map) or a tuple (D, x, R, L) where (D, R, L) is a non-empty combinatorial hypermap (resp. map) and x ∈ D is a distinguished dart, called the root.
We enumerate rooted hypermaps of a given genus by number of darts, vertices, hyperedges and faces. To do so we consider more general families of rooted hypermaps and bipartite maps, in which other vertices or darts than the root dart are distinguished. We also use the genus-preserving bijection between hypermaps and 2-vertex-coloured bipartite maps presented in [21] . But since bipartite maps have all their faces of even degree and we're using the degrees of the vertices as parameters, we must instead study the face-vertex dual of a 2-coloured bipartite map, that is, a map whose faces are coloured in two colours (white and black) so that no two faces that share an edge have the same colour. All these maps are Eulerian -that is, all their vertices are of even degree -but not all Eulerian maps are 2-face-colourable. For example, the map on the torus with one vertex, one face and two edges is Eulerian because its only vertex is of degree 4, but its face cannot be coloured because it shares both edges with itself. Therefore we call the maps we are studying face-bipartite.
A sequenced (rooted) map is a rooted map with some vertices other than the root vertex (the vertex that contains the root) distinguished from each other and from all the other vertices. The labels that distinguish these vertices can be taken to be 1, 2, . . . k, where k is the number of distinguished vertices. A sequenced (rooted) hypermap is defined similarly. We state (in Section 4) a bijective decomposition for the set H(g, t, f, e, n, D) of sequenced orientable hypermaps of genus g with t darts, f faces and e hyperedges, with the root vertex of degree n and with the sequence of degrees of the distinguished vertices equal to D = (d 1 , d 2 , . . . d |D| ), where d i is the degree of the distinguished vertex with label i. We obtain a bijective decomposition of the set F (g, e, w, b, n, D) of sequenced orientable facebipartite maps of genus g with e edges, w white faces, b black faces, with the root face of degree 2n and with the sequence of half-degrees of the distinguished vertices equal to D. Then we apply face-vertex duality to obtain a bijective decomposition of the corresponding set of 2-coloured bipartite maps with distinguished faces. Next we use the bijection in [21] to obtain a bijective decomposition for hypermaps with distinguished faces, and finally we again apply face-vertex duality to obtain a bijective decomposition of H(g, t, f, e, n, D).
A mutirooted hypermap is a hypermap in which a non-empty sequence of darts with pairwise distinct initial vertices is distinguished. We relate multirooted hypermaps to sequenced hypermaps and thus obtain a recurrence for the number of multirooted hypermaps and functional equations for the generating series counting multirooted hypermaps of a given genus by number of darts, vertices, edges, faces and the degrees of the initial vertices of the distinguished darts.
The paper is organized as follows. Section 2 fixes some notations, recalls a known decomposition for sequenced rooted maps and describes the bijection between hypermaps and bipartite maps presented in [21] . Sections 3 and 4 respectively enumerate sequenced facebipartite maps and sequenced rooted hypermaps of a given genus. In Section 5 we consider multirooted hypermaps and we give equations for the generating functions that count these objects. In Section 6 we give functional equations relating the generating functions for rooted hypermaps with that for multirooted hypermaps. Then we show how to solve these equations. In Section 7 we obtain parametric expressions for the generating functions that count rooted hypermaps with a given small positive genus. Section 8 presents enumeration algorithms for sensed unrooted hypermaps counted by number of darts, vertices and hyperedges. Appendix A (resp. B) contains a table for numbers of rooted (resp. unrooted) hypermaps of genus g with d darts, v vertices and e hyperedges for d ≤ 14.
Background

Notations
We first introduce the notations and conventions we use throughout the paper. Let D and [1] (twice), [2] , [1, 1] , [1, 2] (twice) and D itself. Their complementary sublists in the same order are D, [1, 2] (twice), [1, 1] , [2] , [1] ) denotes (resp. generalized) disjoint set union in the following decompositions and (resp. generalized) arithmetic sum in the following equations. By convention, a disjoint set union (resp. sum) over an empty domain is equal to the empty set (resp. zero). For any logical formula ϕ the notation ∆ ϕ means the singleton set containing only the empty hypermap or map (depending on the context) and the empty set if ϕ is false. The notation δ ϕ means 1 if ϕ is true and 0 if ϕ is false.
Bijective decomposition of the set of sequenced maps
In 1962 W. T. Tutte [20] presented a bijective decomposition of a planar map with all the vertices distinguished and a root in every vertex. In 1972 T. R. Walsh and A. B. Lehman [25] generalized this decomposition to maps of higher genus and used it to count rooted maps of a given genus by number of vertices and faces. In 1987 D. Arquès [3] used this latter decomposition to find a closed-form formula for the number of rooted maps of genus 1 by number of vertices and faces. In 1991 E. A. Bender and E. A. Canfield [4] presented a more efficient decomposition that roots only a single vertex and distinguishes only as many other vertices as necessary and used it to obtain explicit formulas for counting rooted maps of genus 2 and 3. In 1998 the first author [10] modified this decomposition and used it to obtain a bijective decomposition satisfied by the set M(g, e, f, n, D) of sequenced orientable maps of genus g with e edges and f faces, with the root vertex of degree n and with D the list of degrees of the distinguished vertices was obtained in [10] . Since this bijective decomposition contains an error, we present the correct bijective decomposition here, and we derive it to make the derivation more accessible than the contents of a Ph. D. thesis. 
Proof. If a map m has at least one edge, we reduce by 1 the number of edges by the facevertex dual of deleting the root edge. There are two cases of this operation, depending upon whether the root edge is a loop or a link, and each of these cases breaks down into two sub-cases. Case 1: The root edge is a loop. We delete the root edge and split the root vertex into two parts, s 1 and s 2 . If r is the root, then s 1 consists of the darts R(r), R 2 (r), . . . , R −1 (L(r)) and s 2 consists of the darts R(L(r)), R 2 (L(r)), . . . , R −1 (r). This case breaks down into two cases, depending upon whether or not this operation disconnects the map.
Case 1a: This operation disconnects the map into two maps, m 1 containing s 1 and m 2 containing s 2 . If m 1 has at least 1 edge, its root is r 1 = R(r), and if m 2 has at least 1 edge, its root is r 2 = R(L(r)). Let g 1 , e 1 , f 1 , n 1 , D 1 and g 2 , e 2 , f 2 , n 2 , D 2 be the parameters of the maps m 1 and m 2 , respectively, corresponding to g, e, f , n, D. This operation reduces by 1 the total number of edges; so e 1 + e 2 = e-1. It leaves unchanged the total number of faces because r and L(r) simply get deleted from the cycle(s) of RL (L followed by R) containing them; so f 1 + f 2 = f . It increases by 1 the total number of vertices; so from Formula (1), which relates the genus of a map to the number of its vertices, faces and edges, it can easily be deduced that g 1 + g 2 = g. It decreases by 2 the total number of darts in s 1 and s 2 since r and L(r), which belonged to the root vertex, get eliminated; so n 1 + n 2 = n-2. Finally, D 1 can be any sublist of D and D 2 is just the complementary sublist, denoted by D − D 1 . This operation is uniquely reversible; so the set of ordered pairs of sequenced maps obtained in this case is
where Σ means the union of disjoint sets. Case 1b: This operation does not disconnect the map, but instead turns it into a new map m ′ with e-1 edges and f faces and, since the number of vertices increases by 1, the genus of m ′ is g − 1, so that this case only occurs when g ≥ 1. Neither s 1 nor s 2 can be of degree 0 (otherwise the map would be disconnected); so we can choose for m ′ the root r 1 = R(r) belonging to s 1 . Let p be the degree of s 2 . Since the sum of the degrees of s 1 and s 2 is n-2, the degree of s 1 , the root vertex, is n-2-p. We distinguish the vertex s 2 so that this operation can be reversed, and we put its degree p at the beginning of the list D, turning it into p.D. Now this operation is reversible in p distinct ways, since any of the p darts of s 2 can be chosen to be R(L(r)) when we merge the vertices s 1 and s 2 and replace the deleted root edge. Now p can be any integer from 1 up to n-3 (so that n-2-p ≥ 1). For both p and n-2-p to be at least 1, n must be at least 4. The set of sequenced maps obtained in this case is
Case 2: The root edge is a link. We contract the root edge, merging its two incident vertices s 1 containing the root r and s 2 containing L(r) into a single vertex s with root R(r). This operation decreases by 1 the number of edges and doesn't change the number of faces, since r and L(r) simply get deleted from the cycle(s) containing them. Since the number of vertices is decreased by 1, the genus remains the same. This case breaks down into two sub-cases, depending upon whether or not s 2 is one of the distinguished vertices.
Case 2a: The vertex s 2 is not one of the distinguished vertices. Let p be the degree of the new vertex s. Then p = n-2+ the degree of s 2 , and since the degree of s 2 must be at least 1, we have p ≥ n-1. Also, the new map has 2e-2 darts; so p ≤ 2e-2. This operation is uniquely reversible for each value of p; so the set of maps so obtained is
Case 2b: The vertex s 2 is one of the distinguished vertices. It can be any one of the |D| distinguished vertices. If it is the jth distinguished vertex, then its degree is d j . Then since it gets merged with s 1 into the new root vertex, d j gets dropped from D. Finally, the degree of s is d j + n-2. This operation too is uniquely reversible; so the set of maps so obtained is
Finally, suppose the m has no edges. It is of genus 0, has 1 face, its one vertex is of degree 0 and its list D is empty because it has no distinguished vertices; so it constitutes the singleton
Then M(g, e, f, n, D) is the disjoint union of the sets given by (4)-(8).
Bipartite maps and hypermaps
To motivate the transformation of (4)- (8) into the corresponding equations for sequenced hypermaps we briefly describe the bijection in [21] that takes a hypermap h into a 2-coloured bipartite map m = I(h), its incidence map. The bijection I takes the darts, vertices and hyperedges of h into the edges, white vertices and black vertices of m. A root (distinguished dart) of h corresponds to a distinguished edge of m; to make it correspond to a root of m we impose the condition that a root of m belongs to a white vertex. The permutation R in h corresponds to R in m acting on a dart in a white vertex and the permutation L in h corresponds to R in m acting on a dart in a black vertex. The permutation L in m doesn't correspond to any permutation in h; rather, since it takes a dart belonging to a vertex of one colour into a dart belonging to a vertex of the opposite colour, it toggles R in m between R and L in h. A face (cycle of RL) in h corresponds to a face in m with twice the degree. To see this, we follow one application of RL in h starting with a dart d, which corresponds to an edge in m but we make it correspond to the dart d ′ in that edge that also belongs to a
, which belongs to a black vertex, and then into RL(d ′ ) and the following R in h takes
, which belongs to a white vertex, and then into RLRL(d ′ ). Since the genus of a hypermap with t darts, v vertices, e hyperedges and f faces is defined by (2) , m has the same genus as h.
Since the root of an incidence map of a rooted hypermap must belong to a white vertex, we impose the condition on a rooted 2-face-coloured face-bipartite map that the root belong to a white face and we transform (4)-(8) into the corresponding bijective decomposition for these maps.
3 Sequenced face-bipartite maps 
Proof. Case 1: The root edge is a loop. By definition, f (r), where r is the root of the map m, is white, so that since r 1 = R(r), f (r 1 ) must be black. But when the loop is removed and the vertex s containing r is split, r 1 becomes a root; so f (r 1 ) must change colour and so must all the faces of the new map m ′ (in case 1b) or the map m 1 containing r 1 (in case 1a). In case 1a, the other map m 2 has r 2 = RL(r) as a root and f (r 2 ) is white; so its faces stay the same colour. This implies that in case 1a w 1 + b 2 = b and w 2 + b 1 = w, whereas in case 1b w and b switch in going from m to m ′ . In case 1a, we have, as for general maps, g 1 + g 2 = g, e 1 + e 2 = e-1 and D 1 is any subset of D, but instead of n 1 + n 2 = n − 2 we have n 1 + n 2 = n − 1 because the degrees satisfy the equation 2n 1 + 2n 2 = 2n − 2. The analogue of formula (4) is thus
In case 1b, the reduced map m ′ is still of genus g-1 and has e-1 edges, but the degree of s 2 is now 2p instead of p and the degree of the new root vertex s 1 is 2(n-1-p); so the parameter n-2-p in (5) changes to n-1-p. Also, 1 ≤ 2p ≤ 2n − 3, but since 2p is even, we have 1 ≤ p ≤ n-2 instead of 1 ≤ p ≤ n-3, and the condition that n ≥ 4 changes to n ≥ 3. The analogue of formula (5) is thus
Case 2: The root edge is a link. Since the new root R(r) belongs to a black face, all the faces change colour; so b and w switch.
In case 2a, we have 2n-1 ≤ 2p ≤ 2e-2, but since 2p is even, we now have n ≤ p ≤ e-1; so the analogue of (6) is
In case 2b, the degree of the new root vertex is 2d j + 2n − 2; so the analogue of (7) is
Finally, the map with no edges has one white face and no black ones; so the analogue of (8) is
After deriving this bijective decomposition, we became aware of the article [8] , which presents a similar bijective decomposition but for multi-rooted face-bipartite maps, which are like sequenced face-bipartite maps except that every distinguished vertex has a root. However, we present our derivation here for several reasons: it makes our article self-contained, we obtained it independently of [8] and our main purpose is to count hypermaps rather than face-bipartite maps. Now [8] does present a construction that converts a hypermap into a face-bipartite map. However, that construction is not proved and it is far more complicated than the one in [21] , which is not cited in [8] . We also recently became aware of the article [6] , which generalizes the results of [14] by computing the generating functions for edge-labelled bipartite maps on an orientable surface of genus g with an unbounded number of faces and including the degrees of these faces as parameters.
Sequenced rooted hypermaps
Theorem 2 holds for rooted 2-coloured bipartite maps with distinguished faces, where e is the number of edges, w is the number of white vertices, b is the number of black vertices, n is half the degree of the root face and D is the list of half-degrees of the distinguished faces. By the bijection described in Section 2.3, it also holds for rooted hypermaps with distinguished faces, where e is the number of darts, w is the number of vertices, b is the number of hyperedges, n is the degree of the root face and D is the list of degrees of the distinguished faces. By duality, the theorem also holds for sequenced hypermaps, where e is the number of darts, w is the number of faces, b is the number of hyperedges, n is the degree of the root vertex and D is the list of degrees of the distinguished vertices. To make the letters correspond to the objects they represent, we change F to H, e to t, w to f and b to e. We thus obtain the following results. 
.
Corollary 1 (Recurrence between numbers of sequenced hypermaps). Let H(g, t, f, e, n, D) be the number of rooted sequenced hypermaps of genus g with t darts, f faces and e hyperedges such that the root vertex is of degree n and D is the list of degrees of the distinguished vertices.
Then
Multirooted hypermaps
For ρ ≥ 1 a ρ-rooted hypermap is a hypermap in which a sequence of ρ darts with pairwise distinct initial vertices is distinguished. A multirooted hypermap is a ρ-rooted hypermap for some ρ ≥ 1. This section addresses the enumeration of multirooted hypermaps. 
Theorem 4 (Recurrence between numbers of multirooted hypermaps
Proof. A multirooted hypermap is similar to a sequenced rooted hypermap except that for each distinguished non-root vertex a dart starting from it is distinguished. If the degree of the jth distinguished vertex is d j , then there are d j ways of distinguishing a dart of this vertex. It follows that for each sequenced rooted hypermap, there are Π
f, e, D) be the number of multirooted hypermaps of genus g with t darts, f faces and e hyperedges such that such that D is the list of degrees of the initial vertex of the distinguished darts. Then
Solving (18) for H(g, t, f, e, n, D) and substituting into (16) proves the theorem.
be the generating function that counts multirooted hypermaps of genus g with ρ distinguished darts if g ≥ 0, and 0 otherwise. For 1 ≤ i ≤ ρ, the exponent d i of the variable v i in this series is the degree of the initial vertex of the i-th distinguished dart. The exponent f of the variable x is the number of faces, the exponent e of the variable y is the number of hyperedges, the exponent t of the variable z is the number of darts and the exponent v of the variable u is the number of vertices (v is computable from the other parameters by Formula (2)). 
Proof. By summation according to (19) of the recurrence between numbers of multirooted hypermaps from Theorem 4.
By vertex-hyperedge duality, we have
and thus another functional equation without x, y swaps is:
The former equation is given here for maximal generality. However, a consequence of the genus formula (2) is that three variables among the four variables x, y, u and z are sufficient. In the remainder of the paper we consider the generating functions
with one fewer variable. They are defined by the following functional equations:
For g, ρ = 0, 1, after grouping in the left-hand side the terms containing H g (v 1 , W, x, y, u) in (23), one gets
with
and
Rooted hypermap generating functions
Let h g (v, e, f ) be the number of rooted genus-g hypermaps with v vertices, e hyperedges and f faces. Let
be the ordinary generating function for counting rooted hypermaps on the orientable surface of genus g ≥ 0, where the exponent of variable x is the number of vertices, the exponent of variable y is the number of hyperedges, and the exponent of variable u is the number of faces. Rooted hypermaps being 1-rooted hypermaps,
where H g (v 1 , . . . , v ρ , x, y, u) is the generating function counting ρ-rooted genus-g hypermaps defined in Section 5 for ρ ≥ 1. We first recall in Section 6.1 a known parametric expression of the generating function that counts rooted planar hypermaps. Then we explain in Section 6.2 how to solve the functional equation of the generating functions H g (x, y, u) that count rooted hypermaps with a given positive genus g.
Rooted planar hypermaps
The following proposition is a reformulation of [1, Theorem 3] , with the correspondence s = x, f = u and a = y for variables, λ = p, µ = q and ν = r for parameters, and H 0 = sf (1 + J) for generating functions. 
Proof. The generating function H 0 (v, x, y, u) that counts rooted planar hypermaps (genus 0) by number of vertices (exponent of x), hyperedges (exponent of y), faces (exponent of u) and degree of the root vertex (exponent of v) satisfies the functional equation
obtained by instantiation of (23) and look for a function V (x, y, u) such that
implying that B(V (x, y, u), x, y, u) = 0 and ∂ v B(v, x, y, u) |v=V (x,y,u) = 0. We get from (31), (25) and (32) that
The constraints B(V (x, y, u), x, y, u) = 0 and ∂ v B(v, x, y, u) |v=V (x,y,u) = 0 respectively are
It can be checked that both equations are satisfied by
with x, u, y and H 0 (1, x, y, u) related to p, q and r by (30) and (29).
Rooted hypermaps with positive genus
The following additional notations are used in this section. Let ρ be a positive integer. Let H j [n 1 , . . . , n ρ ] denote the partial derivative of the function H j (v 1 , . . . , v ρ , x, y, u) with respect to the variables v 1 , . . . , v ρ to the respective orders n 1 , . . . , n ρ , computed at such that i is in X and N j denotes the list [n 2 , . . . , n j−1 , n j+1 , . . . , n ρ ].
Equation for rooted hypermaps and recurrence relations
The special case of Formula (24) for g ≥ 1, ρ = 1 and v 1 = V is the following formula:
In order to derive from (38) a value for H g (1, x, y, u), we are looking for a value for 
, where
Proof. Equation (39) is obtained from Eq. (24) as follows:
1. Partial derivation of (24) with respect to the variables v 1 , v 2 , . . . , v ρ to the respective orders n 1 + 1, n 2 , . . . , n ρ . By inspection one can check that the right-hand side of (39) depends only on some functions
Evaluation of this differential equation at
The following lemma relates the partial derivatives of T g at v = V with the ones of F g . Lemma 1. For ρ ≥ 2 and g, n 1 , . . . , n ρ ≥ 0,
Proof. We can easily prove that
It also holds that
so that
i.e.
Formula (41) is a consequence of
The formula
is an easy consequence of (40). Thus the right-hand side of (39) only depends on some functions H g [k, . . . , n ρ ] with k < n 1 , some functions
Its instantiation at v = V gives
For k ≥ 1, the k-th partial derivative of (49) in v is
and its instantiation in v = V is
Solving (52) for k = 1 gives
For k ≥ 2, one gets
Explicit formulas for small genera
This section proposes explicit parametric expressions for the generating functions that count rooted hypermaps of small positive genus. In Section 7.1 we count by number of vertices, hyperedges and faces; the number of darts can be obtained from these parameters by Formula (2). In Section 7.2 we count by number of darts alone.
Rooted hypermap series enumerated with three parameters
For g = 1, . . . , 5 we have computed an explicit expression of H g (x, y, u) parameterized by p, q and r, with x = p(1 − q − r), u = q(1 − p − r) and y = r(1 − p − q), by application of formulas in Section 6. For g ≥ 3, the expressions are too large to be included in the present text, but a Maple file with all the generating functions up to genus 5 is available from the first author on request. A parametric expression of H 1 (x, y, u) is
This expression can be derived from [2, Theorem 3] , with the correspondence s = x, f = u, and a = y between variables and the correspondence H 1 (x, y, u) = xuK 1 (1, x, y, u) between generating functions. A parametric expression of H 2 (x, y, u) is Remark: For g = 0, the formula
can be derived from [1] , with the correspondence s = x, f = u, and a = y between variables and the correspondence H 0 (x, y, u) = xuK 0 (1, x, y, u) between generating functions.
Rooted hypermap series enumerated by number of darts
Let H g (z) be the ordinary generating function of rooted hypermaps on the orientable surface of genus g ≥ 0, where the exponent of variable z is the number d of darts.
Generating functions
For g from 0 to 6, a parametric expression of H g (z), where z = τ (1 − 2τ ) and τ = 0 when z = 0, is 22 (63) We have also computed the generating functions for 7 ≤ g ≤ 11. Their expressions are too large to be included in the present text, but a Maple file is available from the first author on request.
Other parameterization
In a private communication to the second author, P. Zograf suggests the parameterization
After adding the condition that t = 0 when z = 0, it corresponds to
These two parameterizations are equivalent. The one can be transformed into the other by means of the following substitutions:
By means of these substitutions, the following parametric expressions in t can be obtained from the parametric expressions (58)-(64) for H g (t) in τ : For 0 ≤ g ≤ 3, these expressions correspond to F g (t) in Zograf's communication. Moreover, they reveal an extra factorization by 4(1 + 2t) for g ≥ 2.
Efficient enumeration of rooted and sensed unrooted hypermaps by number of darts, vertices and hyperedges
We recall that a sensed map or hypermap is an equivalence class of (unrooted) maps or hypermaps under orientation-preserving isomorphism. Before enumerating sensed hypermaps we first need to enumerate rooted hypermaps. We use an efficient method of counting rooted hypermaps by number of darts, faces, vertices and hyperedges or, equivalently [21] , 2-coloured bipartite maps rooted at a white vertex by number of edges, faces, white vertices and black vertices, presented by Kazarian and Zograf [14] , and then count sensed 2-coloured bipartite maps and hypermaps with the same parameters using the same method we used [24, 11] to count sensed maps by number of edges, faces and vertices. The recurrence (formula (11) in [14] ), with f changed to H, is as follows. Define H g,d to be a homogeneous polynomial in the three variables t, u, and
is the number of 2-coloured bipartite maps of genus g with d edges, f faces, b black vertices and w white vertices rooted at a white vertex or, equivalently, the number of rooted hypermaps of genus g with d darts, f faces, b hyperedges and w vertices. Then H 0,1 = tuv and
In [24] we collaborated with Mednykh to enumerate rooted and sensed maps. Mednykh enumerated maps of genus up to 11 by number of edges alone, while we enumerated maps of genus up to 10 by number of edges and vertices. The method we used to enumerate rooted maps is presented in [23] . The method we used to enumerate sensed maps is based on Liskovets' refinement [15] of the method Mednykh and Nedela used to enumerate sensed map of genus up to 3 by number of edges [17] . Later we used a more efficient method of enumerating rooted maps, presented in [5] , to enumerate rooted and sensed maps of genus up to 50 [11] .
After sending a draft of this article to Nedela, we received from him a reprint of [18] , in which the method of [17] was applied to hypermaps and explicit results were obtained for g = 0 and 1, and preprints of [19] and [16] , where these results were extended to genus up to 3 and 6, respectively. In all these articles, sensed hypermaps were enumerated by number of darts alone. Here we enumerate sensed hypermaps by number of vertices, hyperedges and faces as well as darts and carry the calculations up to genus 24.
To describe here the modifications we made to pass from maps to 2-coloured bipartite maps we need to briefly discuss a few of the concepts described in more detail in [24] . All the automorphisms of a map on an orientable surface are periodic. If the period is L > 1, then the automorphism divides the map into L isomorphic copies of a smaller map, called the quotient map. Most of the cells (vertices, edges and faces) are in orbits of length L under the automorphism; those that aren't are called branch points. For example, if a map is drawn on the surface of a sphere which undergoes a rotation through 360/L degrees, the two cells through which the axis of rotation pass are fixed; so they are each in an orbit of length 1 for any L. For maps of higher genus, not all the branch points are on orbits of length 1. For example, if a torus is represented as a square with opposite edges identified in pairs, and is rotated by 90 degrees (period 4), then the centre of the square is a branch point of orbit length 1 and so is the point represented by all four corners of the square, but the middle of the sides of the square are two branch points of orbit length 2: the point represented by the middle of both vertical sides of the square is taken by the rotation onto the point represented by the middle of both horizontal sides, and vice versa; so it takes two rotations to take either of these points back onto itself. Also, if the middle of an edge is a branch point, then the quotient map contains half of that edge -a dangling semi-edge.
An automorphism of a map M of genus G is characterized by the following parameters: the period L, the genus g of its quotient map and the number of branch points of each orbit length. If each orbit length is replaced by its branch index (L divided by the orbit length), we obtain what is called an orbifold signature in [17] . In [17] a method is presented for determining which orbifold signatures could characterize an automorphism of a map of genus G (a G-admissible orbifold ) and how many such automorphisms could be characterized by that orbifold signature; a variant of that method is presented in [15] , and this is the one we use except that we deal with orbit lengths instead of branch indices. The method used in [17] to enumerate sensed maps of genus G with E edges by number of edges can be roughly described as follows. For each G-admissible orbifold O, let g be the genus of the quotient map, L be the period and q i be the number of branch points with branch index i. Then the number ν O (d) of rooted maps with d darts that could serve as a quotient map for an automorphism with that signature once the branch points are pasted onto the map in all possible ways is given by
where N g (n) is the number of rooted maps of genus g with n edges (0 if n is not an integer).
Here s is the number of dangling semi-edges in the quotient map m, all of which must be in orbits of length L/2 so that they represent normal edges in the original map M . The binomial coefficient is the number of ways of inserting dangling semi-edges into the rooted map multiplied by d/(d − s) because there are d ways to root the map once the dangling edges have been inserted and only d − s ways to root it without the dangling edges. The multinomial coefficient is the number of ways to distribute the branch points with the various branch indices among the non-edges of the quotient map; the number at the top of the multinomial coefficient is the number of non-edges and is given by the Euler-Poincaré formula (1) . Then the number of sensed maps of genus G with E edges is 1 2E
where O runs over all the G-admissible orbifolds with period L and Epi 0 (π 1 (O), Z L ) is the number of automorphisms that have the orbifold signature of O.
In [24] we distributed the branch points that aren't on dangling semi-edges among the vertices and faces separately. The quotient map of a bipartite map can't contain any dangling semi-edges; otherwise the lifted map would have an edge joining two vertices of the same colour. Here we distribute the branch points among the white vertices, black vertices and faces, and, like in [24] , we don't use a formula like (71); instead we compute the contribution of each orbifold signature to the number of sensed 2-coloured bipartite maps whose number of white vertices, black vertices, faces and edges are allowed to vary within a user-defined upper bound on the number of edges.
Suppose that the quotient map is of genus g and has w white vertices, b black vertices and f faces. Then the number e of edges can be calculated from the formula
and the number d of darts is 2e. Suppose also that among the branch points of orbit length i, w i are on a white vertex, b i are on a black vertex and f i are in a face. We denote by w L , b L and f L the number of white vertices, black vertices and faces, respectively, that do not contain a branch point. The original map will have W white vertices, B black vertices and F faces, where
and the total number E of edges is equal to L e = F + W + B-2(1 − g). The binomial coefficient in (70) disappears because the quotient map can't contain any dangling semi-edges. The multinomial coefficient must be replaced by the number of ways to distribute the branch points among the white vertices, black vertices and faces. Then (70) becomes
where d is the number of edges in the quotient maps on both sides of the formula (or the number of darts in the corresponding hypermaps) and N g (d, w, b, f ) is the number of 2-coloured bipartite maps with d edges with w white vertices, b black vertices and f faces, rooted at a white vertex. For this number to be positive, the sum of all the w i cannot exceed w with a similar bound on the sum of all the b i and the sum of all the f i ; so w, b and f each starts at its respective sum and increases by 1 until the number E of edges in the original map exceeds a user-defined maximum. With each increase of w, b or f , one of the multinomial coefficients in (74) gets updated using a single multiplication and division. The product of these three multinomial coefficients must be computed for all sets of non-negative integers such that for each i, w i + b i + f i is equal to the total number of branch points of orbit length i.
Once (74) is multiplied by the number of automorphisms with the current orbifold signature, we get the contribution of that signature and the numbers w i , b i and f i to E times the number of sensed 2-coloured bipartite maps of genus G with E edges, F faces, B black vertices and W white vertices. This contribution is added to the appropriate element of an array, initially 0, and when all the contributions have been tallied, for each E, F , W and B the corresponding array element is divided by E (not 2E because the root must be incident to a white vertex) to give the number of sensed 2-coloured bipartite maps of genus G with E edges, F faces, B black vertices and W white vertices or, equivalently, the number of sensed hypermaps of genus G with E darts, F faces, B hyperedges and W vertices.
This enumeration was done with a program written in C++ using CLN to treat big integers. It enumerated rooted and sensed hypermaps of genus up to 24 with up to 50 darts as fast as it could display the numbers on the screen. The numbers coincide with those obtained by generating the hypermaps [22] . The source code is available from the second author on request.
A First numbers of rooted hypermaps
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A.1 Genus
0 d v e f h 1 1 1 1 1 1 sum 1
